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Abstract 

F. Bracci, M.D. Contreras, S. Diaz Madrigal proved that any evolution 
family of order d is described by a generalized Loewner chain. G. Ivanov 
and A. Vasil’ev considered randomized version of the chain and found a 
substitution which transforms it to an Ito diffusion.We generalize their result 
to vector randomized Loewner chain and prove there are no other possibilities 
to transform such Loewner chains to ltd diffusions. 
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1. Introduction 

The Schramm-Loewner evolution (SLE), also known as a stochastic Loewner 
evolution 0,0 is a conformaly invariant stochastic process which attracts 
many researchers during last 15 years. This process is a stochastic general¬ 
ization of the Loewner-Kufarev differential equations. SLE has the domain 
Markov property which is closely related to the fact that the equations can 
be represented as time homogeneous diffusion equations. There are two main 
classes of SLE: Chordal SLE which gives a family of random curves from two 


Email addresses: hulyaacar98@gmail. com (Hiilya Acar), alukashov@fatih.edu.tr 
(Alexey L. Lukashov) 

^The authors would like to thank the Scientific and Technological Research Council of 
Turkey (TUBItAK) for the financial support (project no:113F369). 


Preprint submitted to Elsevier 


May 19, 2015 





fixed boundary points and radial SLE which gives a family of random curves 
from a hxed boundary point to a hxed interior point. 

The radial equation was introduced by K. Loewner in 1923. The idea was 
to represent domains by means of a family (known as Loewner chains) of uni¬ 
valent functions dehned on the unit disc and satisfying a suitable differential 
equation. 

The classical radial Loewner equation in the unit disc D := {<^ G C : |C| < 1} 
is the following differential equation 

^o(^) = ^ 

for almost every t G [0, oo) where G{w,t) = —wp{w,t) with the function 
p : Dx [0, oo) —)■ C measurable in t, holomorphic in z, p{0,t) = 1 and 
^{p{z,t)) > 0 for all z G ro and t >0 (such functions p are called Herglotz 
functions). 

Recently Georgy Ivanov and Alexander Vasil’ev considered random 
version of this Loewner differential equation with G{w,t) = 

T{t) = T{t,w) = exp{ikBt{w)). (2) 

They found a substitution which transforms the randomized Loewner equa¬ 
tion with p{w, t) = p fo an ltd diffusion and obtained the inhnitesimal 

generator of the ltd diffusion in this form: 

^=(- i ^-^+(1 - -)'^ p (^-)) Tz - 

The main result is an inverse statement. Namely we prove that under 
rather general suppositions on r(t) = T(t, Bt), it is possible to hnd a substi¬ 
tution which transforms ([T]) to an ltd diffusion if and only if r is given by (E]). 
We generalize this necessary and sufficient condition for higher dimensions 
when r depends on some independent Brownian motions 

r(t) = r(Bi) 


where Bt = {Bl,Bf, ...,B^). 

We denote by C the set of functions /(z,x) from C'"'(D x M”') such that 
these functions have continuous derivatives up to order n, doesn’t vanish 
and H (D) is the set of analytic functions in ©. 
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Theorem 1. Consider Loewner random differential equation 


{ d<j>t{z,w) _ (Tx{t,w)-<j)t(z,w)f -/ c/>t(z,w) N, 

dt Tl{t,w) Tl(t^w) '' ^ 4 ) 

00 iz,w) = Z 

where \ti (t,u)\ = 1 for each fixed w E fl (fl is a sample space) and p is an 
arbitrary Herglotz function. Suppose fit = Bf'\ ..., where 

Bf^ are independent Brownian motions, m E C and ti {t, u) = T(Bt) then, 
fit is an nxl dimensional ltd diffusion with coefficients from H (D) for an ar¬ 
bitrary Herglotz function p if and only i/r(B0 = where k = {ki ,..., kn) 
and k G M”. 

Furthermore the infinitesimal generator of fit (when it is an ltd diffusion) 
is given by this form 

A^{-Z\M^ + {l-zffAfif-l\MX^C ( 5 ) 

Proof. For n = 1 sufficiency part was proved by G. Ivanov and A. Vasilev. 
We use similar argument to prove sufficiency for arbitrary n. By the complex 
Ito formula, the process 


r(B0 

satishes the stochastic differential equation (SDE) 

J=1 

( 6 ) 

t=i 

Let us denote fit{z,w) = Applying the integration by parts for¬ 

mula for fit, we obtain 
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d{ifjt) = (ptd{e ^ ■■■ ') + (e ^ '■' ^)d(f)t 


_ ^—ikiBf^^ — ...—iknB^ 




= e 


,w 


ikiBl^'+...+ik„Bl'‘' _ 


(n) 


t -(j>t{z,w) 




-p{'tpt)dt 


-iipt J2 kjdB^^^ ~ ^f2 k'jdt 

j=i j=i 


( 7 ) 


= -zV’tk ■ dBt + {-^^-t/jt + (V’t - 

So 'i/'t is an Ito diffusion in M"'. 

Now for the necessity part, from our supposition tjjt = m^pt, ..., 
Apply ltd formula; 



and if (IH]) is an n X 1 dimensional ltd diffusion with analytic coefficients then 
there are functions /* G H{3) such that 


— =/i(m(x,y)). (9) 

oyi 

Taking derivative of ([9]) with respect to yj we obtain 



f'(m(x,y)) fj(m(x,y)) 

fi(m(x,y)) fj(m(x,y))' 


Hence 

(In fi(z)y = (In fj(z)y 


and 

fi(z) = Cijfj(z). 

( 10 ) 

Let us denote 

fi(z) = Cif(z) 

(11) 

and let B(z) be 

an antiderivative of tt-ti hence 
/(z)’ 



F(m(a;,y)) = c ■ y + g(x) 
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where c = (ci,..., c„). 

Since by supposition F' doesn’t vanish, there exists an inverse function 
F~^ and 

m{x,y) = F~\c-y + q{x)). (12) 

Let us denote 

F-\z) = G{z). (13) 

Now for coefficients in dt, we have 

dm 1 ^ d‘^m 

—dd)* + 2 = g{G{c ■ y + q{x))dt. 

where g is an analytic function in D. If we substitute (IHl [HI [I3]) then we get, 

n 

G\c ■ y + q{x))q\x)^ + /'(G(c ■ y + q{x)))f{G{c ■ y + q{x)))\ fl 4 


= g{G{c-y F q{x))). 


(14) 


G"(c ■ y + q{x))q'{x) 


(^(y) - 

^(y) 




ffi(c-y + g(a;)) 


(15) 


where we denote 


gi{z) = g{z) - f{z)f{z)l fl 


2=1 


Dehnition of ffT^ shows that G'{c ■ y + q{x)) doesn’t vanish. Hence 
fi'i(c ■ y + is not identically zero. So equation flT^ can be written as 


q {X) 


(^(y) 


X 


X 


^(y) ^(y) 


p(—-) = Hi(c ■ y + q(x)) 


(16) 


where Idi(z) = 

Let us differentiate it with respect to x and yi. Then we obtain two 
equalities: 




{T{y)-x) ^ 


i h(y)-H" -// 
r^(y) ^ ^ 




= q'{x)H[{c ■ y + q{x)) 


(17) 
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and 


q'{x) 


{■r{y)-xf-^{T{y)+x) 

xAy) 


p(4)) 


q'{x 


{r{y)-xf^x 


Hy) 




= CiH[{c ■ y + q{x))-, i = l,2,...,n. 
Now ffT7|) and ffTSj) imply, 


(18) 


1"(X)^P (^) - (4i) + ( 4 ,) 


^ <l'{x) 
Ci 


,, Axiy)-x)^^^(T{y)Prx) 

q [Xj - - - 


^(y) 


P[y^} -q'ix)- 
i = 1,2,... ,n. 


-12 8T(y) 

8 vi I X 

'■^(y) ^ ^(y) 


Take derivative of (IT^ with respect to Ui again ; 


( 19 ) 


P 


.dx(y) 




<l'ix)x^01iT{y)-x) 

W) - P" 


+9"(2^)^P (759 


n \^i^A{y)+x) / \ ,, s{Tiy)-x)^^^x / 

«W^(F5—-''W— (vm 


r(y)(r(y)H-x) —()^x / \ ^ q2 / ^ 

"■ P (t&t) - ^(xAS^r(y)(r(y) - x) 


+3x^(^y)p' ( tm ) +q'(^) 


(r(y)-x))xp^P 


T'^(y) 


8yi ’ ^// / X 
P ^ r{y) 


/(a;)(r(y) -x)p 


—2q'{x 


dy) 


+ q'(x)(T(y) - x)p' 


dy) 


* = 1 , 2 , 


n. 


( 20 ) 

Observe that the fnnctions (p' {z)Y, p' [z) p {z), {p (z)) , p” {z) p (z), p" (z) p' {z) 
and (p" (z))^,where p are arbitrary Herglotz fnnctions, are independent. In 
fact they are independent even for p{w) = y^+o, a > 0, what can be checked 
by straightforward calculations. Hence coefficients in {p'{z)Y, p'(z)p(z), 

(p ( 2 :))^, p" ( 2 :) p ( 2 ;), p" ( 2 ) p' ( 2 )and (p" ( 2 ))^ in the left and right hand part 
of (I 20 I) coincide. 
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In particular, 


and 

Then 




q'{x) = —xq'{x). 


q{x) = a Inx, 

where a is a constant. If we substitute this in fl2T]) then we obtain 
dr{y)V , ,d^T(y) 

It is easy to see that any solution of system fl2Tl) can be written as 


( 21 ) 

( 22 ) 

(23) 

(24) 


r(y) ^ hi{y2 ,..., -.F") ^ /t2(i/i, ya,..., .^ 


where hi,... ,hn are sufficiently smooth functions.Then 

d"" In r(y) ^ d^-^gi{y 2 ,... ,yn) ^ ^ d^~^dgn{yu ■ ■ ■ ,yn-i) 

dyi... dyn-i 


= c. (25) 


dyi... dyn ^ 2/2 • • • dyn 

It gives the general solution of 

In T(y) = cyn...yi + gi{y2, ...,yn) + --- + gn{yi, • • •, 2/n-i), (26) 

where gi,...,gn are arbitrary sufficiently smooth functions.If we put this 
r(y) in and take coefficient of p' (z), then we obtain 


f = !!!"■+ E 

^ k=l k=l,k^i 


^9k (i/l 1 '"lyii ""iVr 

dyi 


(27) 


Taking derivative of fl27)) with i = 1, we obtain c = 0. 


7 











Moreover we claim that and (HTh imply T(y) = exp(K ■ y). Indeed 
for n = 1 it follows immediately from fl2^ . For n > 1 we take derivative of 
fl^ with respect to 2 / 2 , • • •, Un-i we obtain 

■ ■ ■, j/n-l) ^ Q 

dyi... dyn-i 

Hence (jn can be written as snm of fnnctions of n — 2 variables. By 

n 

indnction it implies r(y) = exp(^ iFj(yj)), and application of hnishes 

i=l 

the proof of the necessity part. 

Now [7, Theorem 7.3.3] says that the generator A of the process 'ifjt from 
(Cl) is given by ([5]). ■ 
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